Motivated by the study of big crunch singularities in asymptotically AdS 4 spacetimes, we consider a marginal triple trace deformation of ABJM theory. The deformation corresponds to adding a potential which is unbounded below. In a 't Hooft large N limit, the beta function for the triple trace deformation vanishes, which is consistent with the near-boundary behavior of the bulk fields. At the next order in the 1/N expansion, the triple trace couplings exhibit non-trivial running, which we analyze explicitly in the limit of zero 't Hooft coupling, in which the model reduces to an O(N) × O(N) vector model with large N. In this limit, we establish the existence of a perturbative UV fixed point, and we comment on possible non-perturbative effects. We also show that the bulk analysis leading to big crunch singularities extends to the k orbifold models dual to ABJM theory.
Introduction and summary
M-theory compactified on S 7 with asymptotically AdS 4 boundary conditions allows a consistent truncation to four-dimensional supergravity with a negative cosmological constant and a single scalar field whose negative mass squared lies just above the Breitenlohner-Freedman bound. Besides the usual supersymmetric boundary conditions, there is a different set of possible, well-defined boundary conditions that break supersymmetry but preserve all AdSsymmetries. In [1] it was shown that the theory with non-supersymmetric, AdS-invariant boundary conditions admits solutions where smooth, asymptotically AdS initial data evolve into a big crunch singularity -a spacelike singularity that reaches the boundary of AdS 4 in finite global time.
The holographic dual to M-theory in asymptotically AdS 4 × S 7 spacetimes is the threedimensional superconformal field theory that describes the low energy dynamics of coincident M2-branes [2] . This theory can be thought of as living on the boundary of AdS 4 . Adopting non-supersymmetric but AdS-invariant boundary conditions for the bulk corresponds to adding a marginal triple trace potential to the boundary theory. With this correction, the tree level potential of the boundary theory no longer has a minimum, indicating that the Hamiltonian of the quantum boundary theory may be unbounded below. In Refs. [1, 3] , the suggestion was made that one might be able to learn something about cosmological singularities in the bulk by studying field theories with potentials which are unbounded below.
At the time of [1, 3] , however, not much was known about the M2-brane theory, even without the unstable deformation. It arises as the infrared (strong coupling) limit of the super-Yang-Mills (SYM) theory living on D2-branes, but this infrared limit was hard to describe explicitly. For instance, its spectrum of chiral operators was derived not through field theory computations, but by using the AdS/CFT correspondence and the known KaluzaKlein spectra of eleven-dimensional supergravity compactified on S 7 [4] . But without explicit knowledge of the dual theory, one could not perform reliable field theory computations to give information about cosmological singularities.
A more specific criticism of [1] was raised in [5] , where it was argued, based on an analogy with the O(N) vector model at large N, that the deformation of the conformal field theory is marginally irrelevant. Since the behavior of the potential for large field values would then depend on an unknown ultraviolet completion of the theory, it was argued that the unbounded below nature of the potential might be an artifact of the tree-level approximation and in particular could be absent in the full quantum theory.
For these reasons, we have recently studied related AdS 5 × S 5 models [6] , also suggested in [1] . In these models, the undeformed dual field theory is N = 4 SYM in four dimensions, which is very well understood. The deformation corresponds to adding a negative, unbounded double trace potential [7] [8] [9] . In this theory, the coupling of the negative double trace deformation is asymptotically free in the large N limit [8] , which we used to argue that the quantum effective potential is unbounded below (the argument for a single scalar field was given in [10] ). The relevant coupling becomes arbitrarily small in the regime of interest for studying the cosmological singularity (namely large fields in the boundary theory), rendering perturbation theory more and more reliable as the singularity approaches.
Recently, a concrete proposal for the theory of N coincident M2-branes was put forward in Ref. [11] (ABJM). The ABJM theory is an N = 6 superconformal U(N) × U(N) ChernSimons theory with levels k and −k, respectively. For k > 1, the M2-branes are localized at the fixed point of a k orbifold of Minkowski space. The presence of the two parameters N and k allows one to define a 't Hooft limit N → ∞ with N/k fixed. In this regime, one of the S 7 dimensions in the eleven-dimensional bulk becomes small and the theory is best described by type IIA string theory on AdS 4 × CP 3 .
In the present paper, we revisit the issues mentioned above in the context of the ABJM theory. Unlike the model studied in [6] , in this case the triple trace potential does not have a definite sign, so the O(N) vector model analogy does not apply directly. Therefore, we introduce a tri-critical O(N) × O(N) vector model as a better analogue and study its fixed point structure -in fact, in the limit of weak 't Hooft coupling (N/k → 0), our deformation of ABJM theory precisely reduces to the O(2N 2 ) × O(2N 2 ) vector model at large N. In this limit, we find that the perturbative beta functions for the various sextic couplings vanish. (A similar scale-independence at strong 't Hooft coupling can be inferred from the near-boundary behavior of the corresponding bulk scalar [1] .) At the next order in the 1/N expansion, the beta functions are non-trivial and the O(N) × O(N) vector model has several non-trivial UV fixed points, one of which corresponds to the UV regime of our potential with indefinite sign. Modulo subtleties we are about to mention, this shows that at least at zero 't Hooft coupling, as in the negative double trace deformation of N = 4 SYM case, the coupling of a negative triple trace deformation is asymptotically free and the quantum effective potential is unbounded below. Parenthetically, let us mention that large N non-perturbative effects are known to destabilize the model in the UV when a time-independent, static system is considered (see [12] for the O(N) vector model, and [13] for the O(N) × O(N) vector model). However, preliminary analysis indicates that these instabilities are in fact consistent with the time-dependent, cosmological applications we have in mind [14] .
In this paper, we also extend the bulk analysis of [1] (which would correspond to k = 1) to k > 1, which is necessary to make contact with the 't Hooft regime in which we do the field theory analysis. In particular, we show that the scalar field present in the consistent truncation in [1] survives the k orbifolding, so that the four-dimensional analysis of [1] also holds for k > 1.
With these results in hand, one can attempt to define unitary evolution in these theories by using self-adjoint extensions. It will then be interesting to study the implications of this for the nature of cosmological singularities in the bulk. The results of this work will appear elsewhere [14] .
The structure of this paper is as follows. In section 2, we briefly review the work of [1] on big crunch solutions of AdS supergravity coupled to a scalar field with non-supersymmetric boundary conditions. In section 3, we review the ABJM theory of coincident M2-branes and its gravity dual. In section 4, we propose a triple trace deformation dual to the modified boundary conditions in the bulk. By studying the properties of the O(N) × O(N) vector model under renormalization group flow, we show that, at least in the weak 't Hooft coupling limit, the couplings of the triple trace potential have a perturbative UV fixed point. We discuss k orbifolds of the bulk models of [1] and show that the scalar field of interest survives the orbifolding.
AdS cosmology
M-theory in asymptotically AdS 4 × S 7 spacetimes has D = 4, N = 8 gauged supergravity as its low energy limit. This theory contains the graviton, 28 gauge bosons in the adjoint of SO (8) and 70 real scalars as its bosonic degrees of freedom. It allows a consistent truncation to four-dimensional gravity coupled to a single scalar field [16] :
where we have chosen units in which the 4d Planck mass is unity. 1 The maximum of the potential at ϕ = 0 corresponds to the AdS 4 vacuum solution. Small fluctuations around the maximum of the potential have
AdS , which is above the Breitenlohner-Freedman bound m
AdS [15] . Hence, the AdS 4 solution is perturbatively stable. The positive mass theorem implies that, with the usual supersymmetric boundary conditions, it is also non-perturbatively stable. As we shall now review, this need not be the case with other AdS-invariant boundary conditions [1] .
In global coordinates, the AdS 4 metric reads
In asymptotically AdS solutions, the scalar field ϕ decays at large radial coordinate as
The usual boundary conditions correspond to taking either α = 0 (which can be chosen for any m 2 ) or β = 0 (which can be chosen for scalars in the mass range −
AdS ). These are in fact two special cases out of a one-parameter class of boundary conditions that are anti-de Sitter invariant and allow the construction of well-defined and finite Hamiltonian generators for all elements of the anti-de Sitter algebra [17, 18] . The more general boundary conditions are given by
4)
1 This truncation corresponds to setting φ (12) = 0, φ (13) = φ (14) = ϕ and the gauge fields to zero in equation (2.11) of [16] . As can be seen from (2.12) of [16] , this choice preserves SO(4) × SO(2) × SO(2). Truncations preserving SO(6) × SO(2) and SO(4) × SO(4) are also possible.
where h is an arbitrary constant [17] . For h > 0, solutions were found [1] in which smooth asymptotically AdS initial data evolved into a big crunch, a spacelike singularity reaching the boundary of AdS in finite global time.
2 M-theory in asymptotically AdS 4 ×S 7 spacetimes with β = 0 boundary conditions is dual to the three-dimensional superconformal field theory describing the low energy dynamics of coincident M2-branes. The scalar mode α(t, Ω) of a bulk solution corresponds to the expectation value of the dual operator O in the boundary theory. (Choosing a fixed β = 0 would correspond to adding a source term βO to the action of the boundary theory.) The bulk scalar field ϕ is dual to an operator O of dimension 1, transforming in the traceless symmetric two-tensor representation of SO (8) . In general, adding a term − W (O) to the action of the dual field theory corresponds in the bulk theory to adopting modified boundary conditions β(α) such that β = W ′ (α) [8, 9] . Taking boundary conditions (2.4) is therefore dual to adding a marginal triple trace operator to the boundary action:
In section 4, we shall see that the operator O can take arbitrarily large positive and negative values, so that the potential we have added is unbounded below for any non-zero value of h. This is consistent with our earlier comment in footnote 2. Unlike the asymptotically AdS 5 ×S 5 model studied in [6] , the asymptotic behavior (2.3) with (2.4) does not involve a logarithmic dependence on the radial coordinate. 3 In the dual field theory, this corresponds to the fact that conformal invariance is preserved to leading order in 1/N, which we shall discuss in section 4. N, N) of the gauge group. We will not need the fermionic fields explicitly in this paper.
ABJM theory
The action reads
The restriction to h > 0 is not essential. In the solutions of [1] , the α coefficient of the initial profile of the bulk scalar field is positive. Since the potential of the bulk scalar field in (2.1) is even in ϕ, there exist similar solutions where α is negative in the initial profile, and β positive. These are solutions with h < 0, for which the scalar field becomes negative towards the interior of the bulk. 3 We note that the absence of a ϕ 3 interaction in the potential in (2.1) is a necessary condition for there to be no logarithmic tails in the asymptotic profile of m 2 = −2 scalars [18] .
with
2)
The proposal of [11] is that this theory is the world-volume action for N coincident M2-branes on a k orbifold of C 4 , with the generator of k acting as
on complex coordinates y A . The coupling constant of the ABJM theory is 1/k. We will be interested in the "'t Hooft" limit of large N with N/k fixed. In this limit, the theory is weakly coupled for k ≫ N and strongly coupled for k ≪ N.
The gravity dual of this system of M2-branes is a k orbifold of AdS 4 × S 7 . Before orbifolding, the AdS 4 × S 7 solution of eleven-dimensional supergravity with N ′ units of four-form flux reads 
where χ has period 2π and ω is a connection on a topologically non-trivial U(1) bundle on CP 3 [20] . The k identification simply changes the period of χ to 2π/k. In order to have N units of flux on the quotient space, we choose N ′ = kN. While the radius of the CP 3 factor in (3.4) is always large in Planck units if kN ≫ 1, the radius of the χ circle in Planck units is of order R/kl p ∼ (kN) 1/6 /k, which is very small in the 't Hooft limit. Therefore, the appropriate description in this regime is as a weakly coupled type IIA string theory. The radius of curvature in string units turns out to be of order (N/k) 1/4 , so the bulk is stringy when the 't Hooft coupling is small.
A triple trace deformation of ABJM theory
The consistent truncation (2.1) of D = 4, N = 8 gauged supergravity was introduced in [16] . The bulk scalar ϕ, which corresponds to a specific quadrupole deformation of S and transforms as a symmetric traceless tensor under SO (8), is invariant under independent U(1) rotations of the four complex coordinates y A (see Eq. (2.9) of [16] ), and in particular under the identification (3.3). This implies that ϕ survives the k quotient, so that the bulk analysis of [1] extends to k > 1, in particular to the 't Hooft limit of interest in the present paper. The operator O is a dimension one chiral primary operator with the same symmetry properties as ϕ under the preserved SU(4) subgroup of SO (8) . A natural candidate is
To understand the factor 1/N 2 in (4.1), note that in general the large N limit of theories of matrix-valued fields Φ is taken as follows (see for instance [8] ). Trace operators are normalized as O = TrF (Φ)/N and the action has the form N 2 W (O), where neither F nor W depend explicitly on N. The fields Y appearing in the action (3.1) are rescaled to have an N-independent kinetic term in the 't Hooft limit: Y ∼ √ NΦ, which explains the extra factor of 1/N in (4.1). The triple trace vertex appearing in the deformation (2.5) is drawn in 't Hooft double line notation in figure 1 . In terms of a coupling f that is kept fixed as the 't Hooft limit is taken, we have added to the single trace potential (3.2) a triple trace term
where the 1/N 4 arises from the N 2 in front of the action and a 1/N 6 from (4.1). Note that the potential (4.2) is unbounded above and below, whatever the sign of f . An important question, raised in [5] , is whether quantum corrections stabilize the potential. One can readily check that, unlike in the D = 4, N = 4 SYM theory studied in [8] and used for cosmology in [6] , the beta function for the coupling f vanishes to leading order in the 1/N expansion. However, at next to leading order we find corrections from the diagrams in figures 2 and 3. It is important to know whether ABJM theory deformed by the triple trace potential (4.2) can be defined without a UV cutoff (and if a UV cutoff is necessary, whether it influences the dynamics of interest). Since a complete analysis appears rather complicated we shall, as in Ref. [5] , begin by studying simpler but analogous scalar field models sharing key features with the theory of interest. In fact, in the limit of weak 't Hooft coupling, N/k → 0, our deformation of ABJM theory precisely reduces to the O(2N 2 ) × O(2N 2 ) vector model at large N. In section 4.1, we first discuss the O(N) vector model, drawing an important distinction between the cases with positive and negative coupling. In section 4.2, we then study the O(N) × O(N) vector model, which appears as the weak 't Hooft coupling limit of the deformed ABJM model of interest. Finally, in section 4.3, we comment on the case of non-zero 't Hooft coupling.
The O(N) vector model
Before discussing the subleading corrections in the model of interest, let us first discuss the analogous question in the well-understood O(N) vector model at the tri-critical point. The latter model, which describes N scalar fields in three dimensions, assembled in a vector φ, is defined by the action
The sextic vertex is the analogue of figure 1 
times the appropriate tensor, where Λ is a UV cutoff and the scale p 2 is set by (spacelike) momenta flowing in and out of the diagrams. From (4.4), one reads off the beta function 5) which is indeed suppressed by 1/N. For a positive potential (λ > 0), it follows from the quadratic term in (4.5) that the coupling is marginally irrelevant for small values of λ, for which it increases towards the UV. As λ increases, the cubic term in (4.5) becomes important and a perturbative UV fixed point is reached at λ * = 192. (4.6)
In [12] , a self-consistent, static, non-perturbative UV fixed point was found, in the strict N = ∞ limit, at the smaller value
and an instability was established for λ > λ c , meaning that if one attempts to construct a static vacuum, all masses are of the order of the cutoff, so that the theory does not possess a continuum limit. See [5] for a recent discussion. However, preliminary results indicate that there is no such UV-dependence in the time-dependent backgrounds of interest to us [14] . For a negative potential (λ < 0), the quadratic term in (4.5) implies that the coupling is asymptotically free (as discussed in [10] for −φ 4 theory in four dimensions). As mentioned in [10] (see appendix B of [6] for a recent discussion in a context closely related to the present paper, and the discussion below), one can then use the techniques of [24] to show directly that the energy of the system is unbounded below. 4 So at least for the O(N) vector model, the fact that the potential with λ < 0 is unbounded below definitely survives quantum corrections.
5
We now compute the Coleman-Weinberg effective potential in the regime −1 ≪ λ < 0, so that the first term in (4.5) dominates. The coupling as a function of the renormalization scale µ is determined by the Callan-Symanzik equation 8) whose solution is with M being an arbitrary mass scale (implementing dimensional transmutation). The Coleman-Weinberg potential, where the renormalization scale is set by a field value, is then
If M is chosen such that the coupling λ is small, −1 ≪ λ < 0, for some value of φ · φ, it will be even smaller for larger values. (Note that the condition −1 ≪ λ < 0 implies that the logarithm in (4.10) should be at least of order N.) Therefore, the perturbative analysis leading to the potential (4.10) is reliable for sufficiently large field values, which establishes that it is unbounded below.
The O(N) × O(N) vector model
Consider the O(N) × O(N) vector model defined by the action
For the special case λ 112 = −λ 122 = −3λ 111 = 3λ 222 ≡ −3λ, this corresponds to the potential 2 ). Moreover, in the N/k → 0 weak 't Hooft coupling limit, the deformed ABJM action precisely reduces to that of the O(2N 2 ) ×O(2N 2 ) vector model. When we consider the potential (4.12), we see that there are four terms, and that the potential does not have a definite sign. In fact, even if they appear in fixed ratios in the classical potential (4.12), the couplings of the four terms will renormalize differently, which is why we include four different couplings in (4.11) to investigate the ultraviolet properties of the theory with potential (4.12). with C a negative constant (see Fig. 4 ). This behavior will be important in our discussion of the related cosmology [14] .
As we have already mentioned, it is known that, at large N, non-perturbative effects destabilize the model for positive coupling λ > λ c , so that it does not possess a UVindependent, static ground state [12, 13] . However, for describing cosmology, and cosmological singularities in particular, we are not interested in static ground states, and whether any UV-dependence enters depends on the questions being asked. We shall detail this point in future work [14] , where we use the model presented here to study the cosmological space-times mentioned in the introduction.
Triple trace deformation of ABJM theory: comments
In the previous subsection, we have studied the vector model arising in the limit of zero 't Hooft coupling, in which we could ignore the single trace interactions in the ABJM action (3.1). As in [6] , the bulk is in a stringy regime for weak 't Hooft coupling. However, from the bulk analysis described in section 2, which is valid at large 't Hooft coupling, we know that at least certain important features, such as the unboundedness of the potential and the absence of logarithmic running to leading order in 1/N, extend to the regime with large 't Hooft coupling. Another question one may ask is whether the beta functions of the deformation couplings will receive corrections linear in f , for instance proportional to f /k 2 rather than f 2 . However, such logarithmically divergent diagrams need to cancel because O is a chiral primary operator, whose anomalous dimension must vanish in the undeformed theory: from any logarithmically divergent diagram with one triple trace and one single trace vertex contributing to the triple trace coupling, one can construct a logarithmically divergent diagram contributing to the anomalous dimension of O by stripping off two uncontracted Tr(Y Y † ) factors from the triple trace vertex. An important difference with the D = 4, N = 4 SYM theory, where the running of f occurred at leading (zeroth) order in the 1/N expansion, is that here the running of f is suppressed by 1/N 2 . This is consistent with the absence of logarithmic terms in the asymptotic bulk supergravity solutions, mentioned at the end of section 2, and can therefore be regarded as a test of the AdS/CFT correspondence.
